Topological Order in Gutzwiller Projected Wave Functions for Quantum 
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We study the topological order in RVB state derived from Gutzwiller projection of BCS-like mean 
field state. We propose to construct the topological excitation on the projected RVB state through 
Gutzwiller projection of mean field state with inserted Z2 flux tube. We prove that all projected 
RVB states derived from bipartite effective theories, no matter the gauge structure in the mean field 
ansatz, are positive definite in the sense of the Marshall sign rule, which provides a universal origin 
for the absence of topological order in such RVB state. 



PACS numbers: 75.10.Jm, 75.50.Ee, 75.40.Mg 

It is widely believed that the strongly correlated sys- 
tems may exhibit exotic ground state structures and sup- 
port exotic excitations. The study of variational wave 
functions provide a unique way to uncover such exotic- 
ness. The Fractional Quantum Hall Efl[ect(FQHE) sys- 
tem is a well known example in this respect. The ground 
state of the FQHE system, which is a incompressible 
quantum liquid, is well approximated by Laughlin's vari- 
ational wave function [l|. It is then found that such a fea- 
tureless quantum liquid exhibit the so called topological 
order which is responsible for existence of fractionalized 
excitations. [21 ■ 

In this paper, we study another strongly correlated 
system, namely the two dimensional quantum antifer- 
romagnet(2DQAF). For 2DQAF, it is proposed that a 
featureless quantum spin liquid state called resonating 
valence bond(RVB) state may be realized|3- The RVB 
state is a coherent superposition of spin singlet pairs and 
can be written as 
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in which (if) — -y^{i 1 j i —i i j 1) is a spin singlet 
pair(valence bond) between site i and j. It is argued that 
the RVB state may support fractionalized excitation of 
spin i spinon|j,[5|. 

A systematic way to generate the RVB state is through 
Gutzwiller projection of BCS-like mean field state 3). 
Such kind of projected RVB states are now widely used 
in the variational study of undoped and doped quantum 
antiferromagnet la, LE IM 13- An important issue on the 
projected RVB state is to characterize its structure and 
understand its excitation in physical terms. This issue is 
addressed at the effective theory level by Wen who intro- 
duced the notion of quantum order|inj. However, an un- 
derstanding at the wave function level is still lack and it is 



unclear to what extend is the prediction of effective the- 
ory applicable to projected wave functions. Fortunately, 
the projective method to generate the variational ground 
state also provides a systematic way to generate the low 
energy excitations. A variational wave function for low 
energy excitation is simply generated by Gutzwiller pro- 
jection of mean field excited states[2(. Such a proce- 
dure has been followed by a number of authors to study 
quasiparticle excitations[S|, |ll|, |l3, uA UM ^^'^ topologi- 
cal excitations [l5|,ll9 '^^ projected RVB wave functions. 
In this paper, we use such a projective construction to 
study the topological excitation and topological order on 
the projected RVB wave functions. 

The concept of topological order is the key notion to 
describe the structure of a RVB state and to understand 
the fractionalization of excitation on it p|, |l3, LjI l2i| ■ The 
topological order can be defined as the rigidity of a sys- 
tem against topological excitation(dubbed vison) in the 
bulk of the system. On a multiply connected manifold, 
the topological order manifests itself as the topological 
degeneracy of the ground state, in which case the ground 
state has a number of locally similar but globally distinct 
partners that differ by whether or not a vison threads 
each hole of the manifold [JL 1 15|. 

These ideas can be illustrated by the simple example 
of quantum dimer model [5|, Il8l |. In the quantum dimer 
modcl(QDM), the Hilbert space factorizes into even and 
odd topological sectors by the number of valence bonds 
that intersect a cut line which starts at the center of vi- 
son and ends at the boundary of the system(or infinity). 
A vison can be generated simply by reversing the sign 
of the amplitudes of odd sector dimer configurations J18j . 
The vison defined in this fashion behaves as a tt flux tube 
for an unpaired spin. Thus the topological order is in- 
timately related to the coherent motion of fractionalized 
spin excitation in the RVB background. 

At the Gaussian level, the projected RVB states are 
described by the slave Boson effective theories |l(ill9H21[ . 



According to the slave Boson effective theory, a system 
with Z2 gauge structure in the mean field ansatz has 
topological order and supports fractionalized excitations, 
while a Z^ flux tube plays the role of the vison[20J. 

In their pioneering work, Ivanov and Senthil conjec- 
tured that a Z2 gauge structure in the mean field ansatz 
is also essential for the corresponding projected RVB 
state to show topological order [l^ |l^ llll- Based on 
the phenomenological Z2 gauge theory of the underdoped 
cuprates[23, they proposed that a vison can be con- 
structed by projecting BCS state containing a supercon- 
ducting vortex. They find numerically that RVB states 
derived from certain effective theory with C/(l) gauge 
structure, more specifically, the nearest-neighboring d- 
wave RVB state(NND state), does not exhibit topologi- 
cal order. This is taken as evidence for their conjecture, 
since the vison - vortex analog is ill defined when the 
pairing term is gauged away in a U{\) effective theory. 

In this paper, we try to relate the topological order of 
projected RVB state to their phase structure in the Ising 
basis. We find the absence of topological order in the 
NND-type RVB states can be more naturally attributed 
to the Marshall sign rule of the wave function in the Ising 
basis, rather than the C/(l) gauge structure in the mean 
field ansatz. 

The Marshall sign rule is a well known property 
of the antiferromagnetic Heisenberg model on bipartite 
lattice[2j, |2J|. According to the rule, the wave func- 
tion of the ground state is real in the Ising basis and its 



sign is given by (—1) i 



in which N' 



is the num- 



ber of down spins in the even sublattice. In this pa- 
per, we prove that all RVB states derived from bipartite 
slave Boson mean field states satisfy such a sign rule, 
no matter what is the gauge structure of the mean field 
ansatz. At the same time, we show a vison can be con- 
structed by projecting a mean field state containing a Zi 
fiux tube, rather than a superconducting vortex used by 
Ivanov and Senthil. Combining these two points allow 
us to show that RVB states derived from all bipartite 
mean field states, such as the NND state, do not support 
topological order. Thus the Marshall sign rule provides 
a universal origin for the absence of topological order for 
RVB state defined on bipartite lattices, while a Gaussian 
level effective theory fails for such a state. 

In the slave Boson theory of RVB states[l3 [l^ l21j . 
Fermionic slave particles jia are introduced to repre- 
sent the SU{2) spin variable as Si = ^J^apfL'^apfifS- 
These slave particles are subjected to the constraint of 
J2a fiafia = 1 to bc a faithful representation of the spin 
algebra. At the saddle point level, a RVB state is given 
by a BCS-like mean field ansatz for the slave particles 
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denote the mean field RVB order parameters, while Ai 
are the Lagrangian multipliers introduced to enforce the 
mean field constraint. The fluctuation of the RVB order 
parameters are treated by effective gauge theories [l^- 
When the gauge symmetry of the mean fleld ansatz 
is broken to Z2, the effective theory is a Z2 gauge 
theory[l^|23]. Since the Z2 gauge fluctuation is gapped 
at the Gaussian level, it is believed that a Z2 effective 
theory describes a phase with truly fractionalized excita- 
tions. 

The ground state of the mean field Hamiltonian has 
the form of Cooper pair condensate |22|. 
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in which aij is the wave function of a Cooper in real 
space. The RVB state is given by Gutzwiller projection 
of the mean field ground state, 
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in which Pg = Yiii^ ^ niiriii) and N is the number of 
lattice site. 

The topological order can be checked by examining on 
a tours the orthogonality of the RVB states that differs 
in the number of trapped visons in the holes of the torus. 
Here, we propose a more transparent way to construct 
the vison wave function. In the effective theory context, 
a vison is nothing but a Z2 gauge fiux tube. Hence, 
we propose to construct the vison wave function through 
Gutzwiller projection of mean field state with an inserted 
Z2 gauge fiux tube. The only effect of the inserted Z2 
fiux tube is to reverse the sign of mean field RVB or- 
der parameters Xij ^"^d A^ on bonds that intersect the 
cut line defining the vison, which amounts to changing 
the boundary condition across the cut line from periodic 
to anti-periodic (or vice versa). In Ivanov and Senthil's 
work, the role of a trapped superconducting vortex is 
also to change the boundary condition across the cut 
line. Thus our construction is equivalent to theirs but 
is applicable in more general situations. 

Now we show that the absence of topological order in 
the NND-type RVB state can be attributed the Marshall 
sign rule. The NND theory belongs to the general class 
of t/(l) bipartite effective theory, which contains a U{1) 
gauge structure in the mean field ansatz and is bipartite 
in the sense that Xij ^-nd Ay only connect sites in op- 
posite sublattices. Below we show that the RVB states 
derived from such theories satisfy the Marshall sign rule. 
Since a C/(l) bipartite theory is still U{1) bipartite with 
the insertion of a Z2 fiux tube, the RVB state with a 



trapped vison also satisfy the Marshall sign rule can not 
be orthogonal to that with no trapped vison. Thus RVB 
states in this class are not expected to exhibit topological 
order. 

For convenience's sake, we work in the gauge with only 
hopping term, 

Hmf= E (x^^/-/^- + H-C-)- (5) 

The mean field ground state of Hmf is given by 

in which //„ — J^i ^m{i)fi denotes the eigenstate of Hmf 
of eigenvalue ^m- For a bipartite Hamiltonian, the eigen- 
values appear in plus-minus pairs. The corresponding 
eigenf unctions are 
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in which ip'^{i) and f°^{i) are the components of the 
eigenf unctions in the subspace of even and odd sublat- 
tices. From the orthonormality of ipmii)-, it is easy to 
show that (fi'jnii) and '/'m(*) form complete and orthonor- 
mal basis in their respective subspaces. Thus, the eigen- 
vectors with ^m < suffice to expand the subspaces of 
each sublattices. This property of the bipartite Hamilto- 
nian is the key for us to establish the Marshall sign rule 
in the projected RVB states. 

In the basis expanded by 11^=1 ^ UklJjki 1^^' ^^^ 
amplitude of the above RVB state is given by -0 = 
\ipk{ii)\\vk{ji)\, in which \ipk{ii)\ and \ipk{ji)\ stand for 
the Slater determinants for the up spin electrons and the 
down spin electrons. To uncover the phase structure of 
^, we introduce a reference spin configuration \ref), in 
which all up spins sit in the even sublattice and all down 
spins sit in the odd sublattice. The amplitude for this 
spin configuration is given by Vre/ = Wk(^i)\Wk{3i)\- 
Now we consider general spin configurations. With no 
loss of generality, we consider the spin configuration de- 
rived from \ref) through the exchange of the first k up 
spins and the first k down spins. One easily verifies that 
the inner product of the amplitudes for |fc) and |re/), 
tjjl.ipref, is given by the square modulus of a determinant 
of a k-th order matrix 



^kAef = \sUhin)\" 
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in which s(j;,i„) = Em=i,f'^m O'0'y=m(^«)> «» and ji 
denote the coordinates of the exchanged k up spins and 
k down spins. In deriving this result, we have used the 
orthonormality of V'm(*) and V'm(*) in their respective 
subspaces. 

Thus, the amplitude of the RVB state derived from 
Eq.(6) is positive definite up to a global phase. Taking 



into account the sign change due to Fermion exchange, 
we arrive at the conclusion that the projected RVB states 
derived from U{1) bipartite theories satisfy the Marshall 
sign rule and thus do not support topological order. How- 
ever, it is not clear whether the U{1) gauge structure or 
the bipartite nature of the theory is responsible for the 
absence of topological order. To clarify this point, we ex- 
amine the phase structure of projected RVB state derived 
from an arbitrary bipartite effective theory. 

The mean field ansatz for a general bipartite theory is 
given by 



Hmf = E {x^,flf,a + li■' 

-)-^(A,,(4/j,-f/;,4)-fH.c.), (8) 
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in which Xij and Ay connect sites on different sublat- 
tices and are otherwise arbitrary. For convenience's sake, 
we make a particle- hole transformation on down spins [6j, 
fil — > ^i/ii J in which €i — 1 for i G even sublattice and 
Ei = — 1 for i G odd sublattice. The transformed Hamil- 
tonian then has only hoping terms and its eigenvectors 
take the form jl^ = Y.Mm(.i)fl-^ + Vm{i)fl{)- 

Now we introduce the basis expanded by 
T\k=i ^ JiklJikl 1^)' ^^ which |0) denotes the vac- 
uum of /i| and fii- Note the up spins and the hole of 
down spins should occupy the same set of lattice sites 
at half filling. Following essentially the same steps that 
we have detailed in the C/(l) case, one finds that tpl4>ref 
is still given by Eq.(7). The only difference with the 
U{1) case being that the matrix element is now given 

by S{jl,in) = E,„=l,f (WmO'/)W™(J„) +<*(ijX*(«n)), 

in which u'^{i) and v^^{i) denote the even(or odd) 
sublattice components of the eigenvectors for the mean 
field Hamiltonian Eq.(8). 

Thus, the amplitude of the RVB state derived from 



Eq.(8) in the basis expanded by H/t^i ^ fiklfiki 1^) ^^ 
also positive definite up to a global phase. It is easy 
to check that the Marshall sign rule has been built into 
this basis. Thus projected RVB state derived from an 
arbitrary bipartite effective theory satisfies the Marshall 
sign rule and can not support topological order, no mat- 
ter the gauge structure of the mean field ansatz. Since 
the topological order is directly responsible for the exis- 
tence of fractionalized excitations, our result also implies 
that the Marshall sign rule provides a universal origin of 
confining force for fractionalized excitations on bipartite 
lattice. 

Our proof of the Marshall sign rule makes it clear that 
a Z2 gauge structure in the mean field ansatz alone is 
not sufficient for the derived RVB state to show topo- 
logical order. To illustrate this point, we have checked 
the topological order in the RVB state derived from a Z2 



bipartite theory with the following mean field ansatz 



Ui^i+x = -T3 + n; UiA+y — -T3 - Tl 
Ui^i+3x == — T3 + T2; UiA+3y ~ —T3 — T2, 



(9) 



in which ri, T2 and T3 denote the three Pauli matrices |25j- 
In Figure la, we plot the overlap between the state with 
periodic-antiperiodic boundary condition and that with 
antiperiodic-periodic boundary condition on a torus. The 
result shows clearly the absence of topological degeneracy 
in such an RVB state. On the other hand, since the defi- 
nition of vison is now independent of the gauge structure 
of the effective theory, neither is a Z2 gauge structure in 
the mean field ansatz necessary for the projected RVB 
state to show topological order. To illustrate this point, 
we have checked the topological degeneracy in the RVB 
state derived from a U{1) nonbipartite theory with the 
following mean field ansatz 



UiJ + x — — T3 + Ti; Ui^i + y 



u. 



i,i-\-2x 



u, 



i,i+2y 



--^T3;Ui^i 



-T3 - Tl 



in which the chemical potential /i is determined by the 
mean field constraint. The overlap for this RVB state is 
shown in Figure lb. The result indicates that the RVB 
state derived from such a U{1) theory exhibits topological 
degeneracy. Thus the gauge structure in the mean field 
ansatz seems to be not a good teller for existence of the 
topological order in the projected RVB state. 
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FIG. 1: Overlaps between the RVB state with periodic- 
antiperiodic boundary condition and the RVB state with 
antiperiodic-periodic boundary condition on a torus of size 
L.(a) Z2 bipartite case, (b)C/(l) non-bipartite case. 

In summary, we have proposed a new way to construct 
topological excitation on projected RVB states. We find 



the Marshall sign rule provides a universal origin for the 
absence of topological order for RVB states derived from 
bipartite effective theories. This indicates that a Gaus- 
sian level effective theory is insufficient for RVB states 
defined on bipartite lattices. 
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